Introductory remarks
Throughout this paper graphs are assumed to be nite, and, unless speci ed otherwise, simple, undirected and connected. For the group-theoretic concepts and notation not de ned here we refer the reader to 5, 9, 22] .
Given a positive integer n, we shall use the symbol Z Z n to denote the ring of residues modulo n as well as the cyclic group of order n.
For a graph X we let V (X), E(X) and AutX be the vertex set, the edge set and the automorphism group of X, respectively. For two adjacent vertices u and v we denote by u; v] or, alternatively, by uv the edge joining u to v. Similarly, (u; v) denotes the arc from u to v. If a subgroup G of 1 Supported in part by \Ministrstvo za znanost in tehnologijo Slovenije", proj. no. J1-4965-99. 2 Supported in part by the grant from Zhengzhou University. Wang is grateful to the Institute of Mathematics, Physics and Mechanics at the University of Ljubljana for hospitality and nancial support during his visit that led to the completion of this work.
This fact motivates our hunt for new constructions of cubic semisymmetric graphs amongst regular covers of K 3;3 . In order to reconstruct such covers by voltages valued in a given group (of covering transformations) N, we choose the tree carrying identity voltages as shown in Figure 2 . Furthermore let a; b; c; d 2 N be the voltages of the remaining cotree arcs (3; 2), (3; 4), (2; 5) and (4; 5) , respectively. This particular regular cover of K 3;3 will be referred to as a N-cover of K 3;3 with voltage-quadruple (a; b; c; d) and will be denoted by the symbol X(N; a; b; c; d). In the special case when N = Z Z n , n a positive integer, we simplify the notation and set X(n; a; b; c; d) = X(ZZ n ; a; b; c; d). Moreover, assume that Z Z n contains two elements r and s such that r 6 = s; s 1 and r 2 + r + 1 = 0 = s 2 + s + 1. (Consequently, Z Z n contains as a subgroup an elementary abelian group of order 9 generated by r and s.) The following theorem is the main result of this article. Theorem 1.1 Let n = p 1 p 2 p k be a product of distinct primes congruent to 1 modulo 3. Then there are two solutions r; s 2 Z Z n of the equation x 2 + x + 1 = 0 (1) such that r 6 = s; s 1 and such that X(n; 1; r; s; rs) is semisymmetric, with trivial edge stabilizers and thus vertex stabilizers isomorphic to Z Z 3 .
An analysis of semisymmetric properties of regular covers of K 3;3 , which is the content of Section 2, lays out the basis for the proof of Theorem 1.1 which is carried out in Section 3. Finally, in Section 4, combining together results from Section 2, the original Folkman's work 6] and some recent work on semisymmetric graphs of particular orders 18], we prove the following result. Theorem 1.2 The Gray graph is the smallest cubic semisymmetric graph.
In 1987 Ivanov 13 ] produced a computer-generated list of semisymmetric graphs on at most 41 vertices. Arguably, the minimality of the Gray graph could be easily deduced with the sophisticated computer technology we have at our hands today. We have however consciously opted for a purely combinatorial approach free of any use of computers. The tools developed along the way allow us to identify, among others, the importance of graph covers to structural and classi cation results on semisymmetric graphs. Proof. Note that, by the comments preceding the statement of Lemma 2.1, we have that a, b, c and d are all coprime with n. We only prove (i) and (iv), proofs of (ii), (iii), (v) and (vi) are straightforward and done in an analogous way.
To prove (i), suppose rst that there exist r; s 2 Z Z n such that r 2 +r+1 = 0 = s 2 + s + 1. Letting X = X(a; ar; as; ars), it is easily seen that ' # and # extend to automorphisms of Z Z n , and so both ' and lift.
Conversely, suppose now that X = X(n; a; b; c; d) is a regular Z Z n -cover of K 3;3 such that both ' and lift. Then ' # and # extend to automorphisms of the cyclic group Z Z n . We may see from Table 1 (1). Also, we have b = ar, c = as and d = ars. Therefore X = X(n; a; ar; as; ars), as required.
As for (iv), suppose rst that a; b 2 Z Z n are such that a 4 = b 4 and let X = X(n; a; b; a 2 b 1 ; a 1 b 2 ). Then it may be checked directly from Conversely, let us assume that X = X(n; a; b; c; d) is a regular Z Z n -cover of K 3;3 such that 3 lifts. From Table 1 we have that 3 Let n > 3 be a positive integer such that Z Z n contains two elements r and s satisfying r 6 = s; s 1 and r 2 + r + 1 = 0 = s 2 + s + 1. (Consequently, Z Z n contains as a subgroup an elementary abelian group of order 9 generated by r and s.) Then we say that the ordered triple (n; r; s) (as well as the integer n) is admissible.
The following result, giving a necessary and su cient condition for the largest projectable group of automorphisms of a connected regular cyclic cover to be semisymmetric, is a straightforward consequence of Lemma 2.1. Corollary 2.2 Let X = X(n; a; b; c; d), n > 3, be a connected regular Z Z ncover of K 3;3 and let H be the largest subgroup of AutX which projects. The following statements are equivalent.
(ii) H = h';~ i; (iii) X = X(1; r; s; rs) where r; s 2 Z Z n and the triple (n; r; s) is admissible.
Proof. Recall that X is H-semisymmetric if and only if both ' and lift but neither of i , i = 1; 2; 3, lifts. Combining together parts (i), (ii), (iii) and (iv) of Lemma 2.1 and noticing that X(n; a; ar; as; ars) = X(n; 1; r; s; rs) we obtain the admissibilty of the triple (n; r; s). This proves the equivalence of parts (i) and (iii) of Corollary 2.2. Moreover, since n > 3, it may be seen that parts (v) and (vi) of Lemma 2.1 together force also the equivalence of parts (ii) and (iii) of Corollary 2.2.
In view of the above result a necessary condition for the existence of a regular Z Z n -cover of K 3;3 with a projectable semisymmetric group of automorphisms is that Z Z n contains a subgroup isomorphic to an elementary abelian group of order 9. Consequently, there exist in nitely many n such that there are no regular Z Z n -covers of K 3;3 with a projectable semisymmetric group: just choose n so that 9 does not divide the Euler function (n) of n. However, searching for semisymmetric covers of K 3;3 , our aim is quite the opposite. Corollary 2.2 will be used in the next section to construct a particular in nite family of semisymmetric regular cyclic covers of K 3;3 and thus prove Theorem 1.1.
3 Proof of Theorem 1.1
We start this section by showing that there exist in nitely many integers n satisfying the necessary and su cient condition given in Corollary 2.2 for the semisymmetry of the largest projectable subgroup of automorphisms of a connected regular Z Z n -cover of K 3;3 .
Proposition 3.1 Let n = qt be a positive integer such that q; t > 3 are coprime and such that the equation (1) has a solution in Z Z q as well as in Z Z t . Then there are r; s in Z Z n such that the triple (n; r; s) is admissible.
Proof. Set Q = fkq j k 2 Z Z n g and T = flt j l 2 Z Z n g. We claim that j(i + Q) \ (j + T)j = 1 for any i; j 2 Z Z n :
Indeed, since q and t are coprime, there exist integers and such that q + t = 1. Thus, for any i and j, we have i j = (i j)( q + t) = (i j) q + (i j) t, and so i + (j i) q = j + (i j) t 2 (i + Q) \ (j + T). Hence (i + Q) \ (j + T) 6 = ;. Moreover, suppose that i + k 1 q = j + l 1 t and i+k 2 q = j+l 2 t (in Z Z n ), where k 1 ; k 2 ; l 1 ; l 2 2 Z Z n . Then (k 1 k 2 )q = (l 1 l 2 )t in Z Z n , implying that k 1 k 2 (mod t) and l 1 l 2 (mod t). Hence i + k 1 p = i + k 2 p = j + l 1 q = j + l 2 q, completing the proof of (2).
Let u 2 Z Z q and v 2 Z Z t be two solutions of the equation (1) in Z Z q and Z Z t , respectively. In view of (2) Theorem 3.3 Let n be a positive odd integer not divisible by 3 and let r; s 2 Z Z n be such that the triple (n; r; s) is admissible. Then the graph X(n; 1; r; s; rs) is a cubic semisymmetric regular Z Z n -cover of K 3;3 with trivial edge stabilizers.
Proof. Let X = X(n; 1; r; s; rs) and let H = h' # ; # i be the lifted group of h'; i. Then We now turn to the aformentioned combinatorial approach which will complete the proof. The idea is to rst prove that the bres0;1;2;3;4;5 are blocks of imprimitivity of the automorphism group A of X. This will then give us a better upper bound on the order of A, and enable us to use the Sylow theorem for all primes dividing n, leading eventually to A = H. To this end we use an argument involving 12-cycles in X, singling out the following essential facts about them. Claim 1. Each 12-cycle in X arises from a con guration in K 3;3 consisting of three 4-cycles missing out only vertices of one bre (say, bre4 in Figure 3 below).
The proof of this rather technical result is omitted.
Of course, there are precisely six such con gurations in K 3;3 , each one missing out precisely one of the six bres, giving us a total of 6n cycles of length 12 in X. We call a 12-cycle even if it misses out an even brẽ 0,2 or4, and odd if it misses out an odd bre1,3 or5. We shall use symbols C + and C for the two respective sets of even and odd 12-cycles. Moreover, we shall say that two 12-cycles in X are of the same type provided Figure 3 : A con guration in K 3;3 giving rise to a 12-cycle in X.
they arise from the same con guration in K 3;3 . Note that each 4-path in X de nes a unique 12-cycle and that each 3-path in X de nes precisely two 12-cycles, one even and one odd, which are glued together along a 3-path as is illustrated in Figure 4 below. We introduce an auxiliary graph, call it Y = Y (n; r; s), whose vertices are the 6n cycles of length 12 in X and whose edges correspond to pairs of 12-cycles having a 3-path in common. Clearly, Y has valency 12.
Claim 2. Y is bipartite and connected. Obviously, Y is bipartite with C + and C as the bipartition sets. To see that X is connected, observe rst that any two 12-cycles of the same type belong to the same connected component of Y . To illustrate this, consider 12-cycles C and D in Figure 4 . Let C 0 be the 12-cycle of the same type as C which is adjacent to D along a 3-path (2; 5; 0; 3), and having the 2-path (2; 5; 0) in common with C. If denotes the generator of N = Z Z n coresponding to the mapping x 7 ! x + 1 in Z Z n , we can easily see that C 0 = (C). Hence C and (C) (and so any 12-cycle of the same type as C) must be in the same connected component of Y . Of course, exactly the same holds for the 12-cycles arising from the other ve con gurations in K 3;3 . But recall that adjacency in Y is de ned in such a way that the quotient with respect to the six sets of 12-cycles of same type is isomorphic to K 3;3 (with multiple edges). Hence Y is connected, and Claim 2 is proved.
Next we discuss automorphisms of X in relation to their action on Y . Denote by G the largest subgroup of A 0 (the group that xes the two parts of the bipartition of X) which xes also the sets C + and C , the two parts of the bipartition of Y . Sylow theorem with no restriction on the prime divisors of n. Namely, by the above comments we have A : N A (N)] 2 f1; 2; 4g. Also, by assumption, n is not divisible by 3 and therefore by the Sylow theorem, we have that for any prime divisor p of n , the corresponding Sylow p-subgroup of N is normal in A. Hence N is normal in A and so the whole of A projects, forcing A = H. Therefore X is semisymmetric with a trivial edge stabilizer (and vertex stabilizer isomorphic to Z Z 3 ), as required.
Proof of Theorem 1.1: Theorem 1.1 is a direct consequence of Theorem 3.3 and Corollary 3.2.
Minimality of the Gray graph
We start by giving a few lemmas that will be used in the proof of the main result of this section regarding minimality of the Gray graph among cubic semisymmetric graphs. We use the notation of Section 2 for the automorphisms of K 3;3 .
Lemma 4.1 Let X be a regular Z Z 2 2 -cover of K 3;3 such that the group h'; i, where ' = (024) and = (135), lifts. Then 1 = (01) (23)(45) We now turn to covers of Q 3 . In order to reconstruct such covers by voltages valued in a given group (of covering transformations) N, we choose the tree carrying identity voltages as shown in Figure 6 . Furthermore let a; b; c; d; e 2 N be the voltages of the remaining cotree arcs (3; 6), (1; 4), (4; 7), (7; 2) and (2; 1), respectively. This particular cover of Q 3 will be referred to as a regular N-cover of Q 3 with voltage-quintuple (a; b; c; d; e) and will be denoted by the symbol X(N; a; b; c; d; e) Given a group N, let us assume that X = X(N; a; b; c; d; e) is a regular N-cover of Y = Q 3 , where N is normal in some edge-transitive subgroup H of AutX. Clearly, an arbitrary edge-transitive group of automorphisms of Table 2 we see that vol( (C)) = vol(C), for every fundamental cycle C of Q 3 . As N is abelian, the mapping x 7 ! x, for all x 2 N, is a group automorphism. Hence # = # extends to a group automorphism.
Consequently, lifts and so X is vertex-transitive.
Lemma 4.5 Let X be a conected regular D 6 -cover of Q 3 . Then the group h ; i, where = (024)(357) and = (02)(13)(46)(57), does not lift.
Proof. Assuming that h ; i lifts we have that lifts, too. Checking Table 2 we have immediately that a; c; d; e are re ections and b is a rotation. (Now this is true in general for any D 2n , n 3.) Also, b is nontrivial, for otherwise using the action of # (switching to multiplicative notation) we get de = 1, and so e = d and aedc = 1. Therefore c = a. Applying the action of # we have from column 3 and row 4 that e = c. Therefore a = c = d = e and so ha; c; d; ei = Z Z 2 , contradicting connectedness of X. We may therefore assume that b 6 = 1. Then de is either b or b 1 . In the rst case we derive a contradiction using the action of # , whereas in the second case, a contradicton is obtained using the action of # . We are now ready to prove that the Gray graph is the minimal cubic semisymmetric graph.
Proof of Theorem 1.2. By 6] , there are no semisymmetric graphs of order less than 20 or of orders 2p or 2p 2 , where p is a prime. Moreover, by 13, 18] there are no semisymmetric cubic graphs of order 4p, for p 5 a prime.
Also, in view of 17] the Gray graph is the only cubic semisymmetric graph of order 54. Therefore it su ces to show that there are no semisymmetric cubic graphs of orders 24 = 2 3 3, 32 = 2 5 , 36 = 2 2 3 2 , 40 = 2 3 5, 42 = 2 3 7 or 48 = 2 4 3. Note that order 24 was excluded by Ivanov (see 13] ). However, we include it in our discussion for the sake of completeness.
By way of contradiction, suppose that X is a semisymmetric cubic graph of one of the above orders. Now, a vertex stabilizer of a cubic semisymmetric graph has order 2 k 3, for some k 7 8] . Therefore, with the exception of orders 40 and 42, the automorphism group of X is a f2; 3g-group and so solvable by the well known Burnside p a q b -theorem. In view of this it seems natural to distinguish two separate cases depending on whether the automorphism group A = AutX is solvable or not.
Case 1: A is nonsolvable.
As mentioned above we have jV (X)j 2 f40; 42g and jAj = 2 k 3 5 for some k 9 or jAj = 2 l 3 2 7 for some l 8, respectively, by 8]). Then the minimal normal subgroup N of A is simple and hence, by the classi cation of nite simple f2; 3; 5g-groups and f2; 3; 7g-groups, we have N = A 5 or N = PSL(2; 8), respectively. Since the action of A is semisymmetric, it folows by Lemma 4.7 that the quotient graph X=N is a f1; 3g-graph, admitting an edge-but not vertex-transitive action of A=N. In particular, X=N is bipartite. Hence X=N is either a cubic graph or isomorphic to K 1;3 or to K 2 .
Observe that A : N] is a 2-group. Hence the rst two possibility cannot occur. We are therefore left with K 2 as the only possibility for X=N, meaning that N acts semisymmetrically on X. Note that any two cyclic subgroups of order 3 in N = A 5 as well as in N = PSL(2; 8) are conjugate in AutN. It is then not hard to see that Aut X contains an element interchanging the two parts of the bipartition, contradicting semisymmetry of X.
Case 2: A is solvable. Let N = Z Z r p be the minimal normal elementary abelian subgroup of A. As in the previous case, we consider the action of the quotient group A=N on the quotient graph X=N, which is again either cubic, or isomorphic to K 1;3 or to K 2 . Since N is abelian, the latter possibility would clearly imply the existence of an automorphism interchanging the two parts of the bipartition.
Further, it is easily seen that the second possibility implies jV (X)j = 2 3 k , and therefore it cannot occur as none of the orders in question is of such a form. We may therefore assume that X=N is a (smaller) cubic graph admitting a semisymmetric action of A=N. Let us now go over all the possibilities for X. 
